Abstract. We prove that if G is a locally compact Hausdorff group then every proper G-ANR space has the G-homotopy type of a G-CW complex. This is applied to extend the JamesSegal G-homotopy equivalence theorem to the case of arbitrary locally compact proper group actions.
1. Introduction. In this paper we study equivariant absolute neighborhood retracts or G-ANR's from the homotopical point of view, where the acting group G is an arbitrary locally compact Hausdorff group and the actions are proper in the sense of R. Palais [32] . We prove the following:
Main Theorem 1.1. Let G be a locally compact group and X a G-ANR. Then X has the G-homotopy type of a G-CW complex.
For G a compact group the theorem is proved in [9] . The reader can find in [9] also some additional relevant information concerning the earlier particular cases of this result.
Our proof of Main Theorem relies on the so called Approximate Slice Theorem established in [6] , which enables us to generalize our proof in [9] to proper actions of arbitrary locally compact groups. On this base we first prove the key Lemma 5.1 which asserts that every G-ANR has arbitrarily fine G-normal covers. 
S. A. ANTONYAN AND E. ELFVING
The G-nerve of such a cover is just the analogue of Waner's G-simplicial space (see [35] ) associated with a tube-segmental G-cover. However, in our case the acting group G is arbitrary locally compact (not necessarily Lie) and its quotients G/H, which are the "G-vertices" of a G-nerve, may have bad local structure in general; this leads in turn to a bad local structure of the proper G-nerve. The Approximate Slice Theorem just enables us to always work with only those "G-vertices" G/H which are smooth proper G-manifolds (the corresponding compact subgroup H ⊂ G is called large in the text), and this fact finally guarantees that the relevant G-nerves have the G-homotopy type of a G-CW complex. More precisely, we prove in Proposition 5.2 that the G-nerves of G-normal covers dominate arbitrary closely the given G-ANR space, and then using the G-manifold structure of the "G-vertices", we prove in Theorem 5.3 that these Gnerves have the G-homotopy type of a G-CW complex. The final step in our argument is Theorem 5.5 which claims that a G-space, which is G-dominated by a G-CW complex, has the G-homotopy type of a G-CW complex.
In Proposition 4.2 we show that the topology of the G-nerve behaves nicely with respect to the adjunction space construction. This enables one to represent the G-nerve as a limit of a filtration in which each of the spaces is obtained from the previous one by the adjunction space construction. This is one of the key points in the proof of the above mentioned Theorem 5.3.
As a corollary of our Main Theorem and Equivariant Whitehead Theorem (see Theorem 5.4 below) we obtain the following extension of the James-Segal Theorem [24] , [25] to proper actions of arbitrary locally compact groups: Corollary 1.2. Let G be a locally compact group and f : X → Y a G-map between two G-ANR spaces. Then f is a G-homotopy equivalence if and only if for every closed subgroup H ⊂ G the restriction f H : X H → Y H to the H-fixed point sets is an ordinary homotopy equivalence. Corollary 1.3. Let G be a locally compact group and X a G-ANR space such that for every compact subgroup H ⊂ G, the H-fixed point set X H is contractible. Then X is a G-AR.
Preliminaries.
In this paper the letter G will denote a locally compact Hausdorff topological group, unless stated otherwise. By e we denote the unit element of G.
By a G-space we mean a completely regular Hausdorff topological space X together with a fixed continuous action G × X → X of the topological group G on X. We shall denote by gx the image of the pair (g, x) ∈ G × X under the action.
If X is a G-space, then for a subset S ⊂ X and a subgroup H ⊂ G, the H-hull (or H-saturation) of S is defined by H(S) = {hs | h ∈ H, s ∈ S}. If S is the one point set {x}, then the H-hull H(S) is denoted by H(x) and called the H-orbit of x. The H-orbit space is denoted by X/H.
A subset S ⊂ X is called H-invariant if it coincides with its H-hull, i.e., S = H(S). For any x ∈ X, the subgroup G x = {g ∈ G| gx = x} is called the stabilizer (or stationary subgroup) at x. If G x = G then x is called a G-fixed point. Since we assume that G-spaces are Hausdorff spaces (T 1 would suffice here), the isotropy subgroups are closed subsets of G. For a subgroup H ⊂ G, the set X H = {x ∈ X| H ⊂ G x } is called the H-fixed point set of X.
If X and Y are two G-spaces, then a continuous map f : X → Y is called a G-map or an equivariant map if f (gx) = gf (x) for every x ∈ X and g ∈ G. If G acts trivially on Y then we use the term "invariant map" instead of "equivariant map". Any G-map f : X → Y sends the H-fixed point set X H into the H-fixed point set Y H . We shall denote by f
Let γ be an open cover of Y . Then a G-homotopy F : X × I → Y is said to be limited by γ, or simply, a γ-G-homotopy provided for any x ∈ X, there exists Γ ∈ γ such that F (x, t) ∈ Γ for all t ∈ I. In such a case F (·, 0) and F (·, 1) are called γ-G-homotopic G-maps.
We shall say that a G-space X is γ-G-dominated by a G-space Y if there exist G-maps f : X → Y and ϕ : Y → X such that ϕf is γ-G-homotopic to the identity map id X of X.
If X is a G-space and A a closed G-invariant subset of X, the inclusion i : A → X is called a G-cofibration if it has the G-homotopy extension property for all G-maps f : X → Y and G-homotopies ϕ : A × I → Y with ϕ(a, 0) = f (a) for a ∈ A. More precisely, given f and ϕ, there exists a G-homotopy φ : X × I → Y such that φ| A×I = ϕ and φ(x, 0) = f (x). For basic properties of G-cofibrations see, for example, [13] and [16] .
For a closed subgroup H ⊂ G, by G/H we will denote the G-space of cosets {gH | g ∈ G} under the action induced by left translations.
A compatible metric ρ on a G-space X is called invariant or G-invariant if ρ(gx, gy) = ρ(x, y) for all g ∈ G and x, y ∈ X.
In 1961 Palais [32] introduced the very important concept of a proper action of an arbitrary locally compact group G and proved that for such actions slices still exist at each point, whenever G is a Lie group. This makes it possible to extend a substantial part of the theory of compact Lie transformation groups to locally compact ones.
Let X be a G-space. Two subsets U and V in X are called thin relative to each other [32, Definition 1.1.1] if the set
has compact closure in G. A subset U of a G-space X is called small if every point in X has a neighborhood thin relative to U . A G-space X is called proper (in the sense of Palais) if every point in X has a small neighborhood. Each orbit in a proper G-space is closed, and each stabilizer is compact [32, Proposition 1.1.4]. Furthermore, if X is a compact proper G-space, then G has to be compact as well.
Clearly, if G is compact, then every G-space is proper. In the case when G is discrete and X is locally compact, the notion of a proper action is the same as the classical notion of a properly discontinuous action. When G = R, the additive group of the reals, proper G-spaces are precisely the dispersive dynamical systems with regular orbit space (see [10, 
Ch. IV]).
Important examples of proper G-spaces are the coset spaces G/H with H a compact subgroup of a locally compact group G. Other interesting examples can be found in [1] , [6] and [26] . The reader is referred to [8] for a discussion of the relationship between Palais proper G-spaces and Bourbaki proper G-spaces.
In the present paper we are especially interested in the class G-M of all metrizable proper G-spaces X that admit a G-invariant metric. Observe that in this case the orbit space X/G is metrizable. Indeed, if ρ is a G-invariant metric on a proper G-space X, then the formula It is well-known that for G a compact group, the class G-M coincides with the class of all metrizable G-spaces (see e.g., [3, Proposition 5] ). A fundamental result of R. Palais [32, Theorem 4.3.4] , states that if G is any Lie group, then G-M includes all separable metrizable proper G-spaces. The question of whether the separability can be omitted in this Palais' result, still remains open (even for G = R and G = Z). We refer to [8] for a further discussion of this problem.
A G-space Y is called a G-equivariant absolute neighborhood extensor (for the class G-M) (notation: Y ∈ G-ANE) if for any closed invariant subset A ⊂ X of a G-space X ∈ G-M and any G-map f : A → Y , there exist an invariant neighborhood U of A in X and a G-map ψ : U → Y such that ψ| A = f . If, in addition, one can always take U = X, then we say that Y is an G-equivariant absolute extensor (notation: Y ∈ G-AE). The map ψ is called a G-extension of f .
A G-space Y ∈ G-M is called a G-equivariant absolute neighborhood retract (for the class G-M) (notation: Y ∈ G-ANR) provided that for any closed G-embedding Y → X in a G-space X ∈ G-M, there exists a G-retraction r : U → Y , where U is an invariant neighborhood of Y in X. If, in addition, one can always take U = X, then we say that Y is a G-equivariant absolute retract (notation: Y ∈ G-AR).
We note that, in general, a metrizable G-ANE space Y need not be a G-ANR, because it may not belong to the class G-M. But if Y ∈ G-M and Y ∈ G-ANE, then clearly Y ∈ G-ANR. The converse is also true: for G an almost connected group it was proved in [5, Remark 5] , and the general case is treated in [2] .
Let us recall the well known definition of a slice [32, p. 305]:
Definition 2.1. Let G be a group, H a closed subgroup of G, and X a G-space. An
is open in X and there is a G-equivariant map f : G(S) → G/H, called the slicing map, such that S = f −1 (eH). The saturation G(S) will be said to be a tubular set and the subgroup H will be referred to as the slicing subgroup.
If G(S) = X then S is called a global H-slice of X.
One of the most powerful results in the theory of topological transformation groups states (see [32, Proposition 2.3 .1]) that, if X is a proper G-space with G a Lie group, then for any point x ∈ X, there exists a G x -slice S in X with x ∈ S. In general, when G is not a Lie group, it is no longer true that a slice exists at each point of X (see [4] ). However an approximate version of the slice theorem is true which is based on the notion of a large subgroup of G first introduced in [4] and [6] .
A closed subgroup H ⊂ G is called a large subgroup (see [6] ) if there exists a closed normal subgroup N ⊂ G such that N ⊂ H and G/N is a Lie group. A G-space X is called a rich G-space [6] if for any point x ∈ X and any neighborhood U of x, there exists a point y ∈ U such that the stabilizer G y is a large subgroup of G, and G x ⊂ G y .
It was established in [6] that for a closed subgroup H ⊂ G the following properties are equivalent: (1) H is a large subgroup, (2) the quotient G/H is locally contractible, (3) G/H is a G-ANR space, (4) G/H is G-homeomorphic to a smooth G-manifold on which G acts by diffeomorphisms. Theorem 2.6 below contains more precise information concerning the last property (4).
The following result can be regarded as an approximate version of the well known Slice Theorem of R. Palais [32] for non-Lie group actions and is a crucial tool in our argument:
Theorem 2.2 (Approximate Slice Theorem [6] ). Let X be a proper G-space and x ∈ X. Then for any neighborhood O of x in X there exist a compact large subgroup K of G with G x ⊂ K, and a K-slice S such that x ∈ S ⊂ O. Moreover, if X is a rich G-space, then the K-slice S can be chosen in such a way that G s = K for a point s ∈ S.
The following lemma is a well known result in the Theory of Lie groups (see e.g., [19, Ch. II, Theorem 4.2]): Lemma 2.3. Let Γ be a Lie group and ∆ a closed subgroup of Γ. Then the quotient space Γ/∆ has a unique smooth structure with the property that the natural Γ-action on Γ/∆ induced by left translations is smooth.
Lemma 2.4. Let Γ be a locally compact group, Λ a closed normal subgroup of Γ, and ∆ a closed subgroup of Γ such that Λ ⊂ ∆. Let f : Γ/∆ → Lemma 2.5. Let G be a locally compact group and N 0 , . . . , N k compact normal subgroups of G such that each quotient G/N i is a Lie group. Let N be the intersection
Proof. Because of compactness of the subgroup N i the quotient homomorphism π i : G → G/N i is a closed map for all 0 ≤ i ≤ k. This yields that the diagonal homomorphism
is also a closed map [18, Proposition 2.3.30] . Observe that the kernel of π is precisely the intersection N = N 0 ∩ · · · ∩ N k . This yields quickly that the continuous isomorphism π : G/N → π(G) induced by π is a closed map, and hence, a homeomorphism. Thus the quotient group G/N is topologically isomorphic to the image π(G). On the other hand π(G), being a closed subgroup of the Lie group G/N 0 × · · · × G/N k , is itself a Lie group (see e.g., [19, Ch. II, Theorem 2.3]). Thus G/N is a Lie group. Theorem 2.6. Let G be a locally compact group and H 0 , . . . , H n large subgroups of G. Assume that N 0 , . . . , N n are compact normal subgroups of G such that for every i = 0, . . . , n, N i ⊂ H i and G/N i is a Lie group. Then the product G/H 0 × · · · × G/H n is a smooth manifold. Furthermore, if we denote N := N 0 ∩ · · · ∩ N n then G/N is a Lie group, and the action of G/N on G/H 0 × · · · × G/H n defined by the following rule is a smooth action:ḡ
Proof. Clearly N is a compact normal subgroup of G. That the quotient group G/N is a Lie group follows from Lemma 2.5. According to Lemma 2.4(1),
We will consider just the smooth structure on G/H i induced by this homeomorphism. Hence, the topological product G/H 0 × · · · × G/H n is a smooth manifold. In order to prove that the above defined action of 
This yields that the quotient
Now, by applying Lemma 2.4(2) to Γ = G/N , Λ = N i /N and ∆ = H i /N , we get that
Since by Lemma 2.3, the induced action of the Lie group G/N on its quotient space
is smooth, we infer that G/H i is a smooth G/N -space. This completes the proof.
G-CW complexes.
In this chapter we present several results on G-CW complexes which are needed later. For the definition and basic properties of G-CW complexes we refer to [20] , [21] , [29] , [27] , [13] and [16] . We first recall some basic properties of adjunction spaces. Let X be a G-space, A a closed invariant subset of X, and f : A → Y a G-map in a G-space Y . We denote the adjunction space by X ∪ f Y and the natural projection by p :
. From the G-actions on X and Y the adjunction space inherits a natural G-action. Continuity of this action follows from the fact that in the commutative diagram If X is a G-CW complex, the skeletons of X are denoted by 
In the previous theorem the G-mapf is called a skeletal approximation or a cellular approximation to f .
Concerning properness of a G-CW complex we have the following result (see [27, p. 18] ):
The following three propositions are not difficult to verify.
and L is a G-subcomplex of L.
If we give the set L = n≥0 L n the weak topology with respect to the family
The product of two ordinary CW complexes need not be a CW complex in a natural way (see the footnote in [34, p. 401] Proposition 3.7. Let X be a locally compact proper G-CW complex, Y a locally compact CW complex endowed with the trivial G-action, and B ⊂ Y a subcomplex. Then the product X × Y is a proper G-CW complex with skeletons
Next we consider the following commutative diagram of G-spaces and G-maps:
where the inclusions i 1 , i 2 , . . . and j 1 , j 2 , . . . are G-cofibrations and the maps f 0 , f 1 , . . . are G-homotopy equivalences. Let X := X k and Y := Y k , endowed with the weak topologies with respect to the families {X k } k≥0 and {Y k } k≥0 , respectively. The spaces X and Y are Hausdorff spaces by [16, Proposition 1.12] . The G-actions on all the spaces X k and Y k define G-actions on the spaces X and Y . Continuity of these actions follows from the fact that the product G × X and G × Y have the weak topologies with respect to the families {G × X k } k≥0 and {G × Y k } k≥0 , respectively, since G is a locally compact Hausdorff space. The maps f k define a G-map f : X → Y . The proof of the following theorem is analogous to the proof of the non-equivariant case proved in [12] .
Theorem 3.9. Let (A n , B n ), n = 1, 2, . . . , be a sequence of proper G-CW pairs. Let K 0 be a proper G-CW complex and suppose that for all n = 1, 2, . . . , the G-space K n is obtained from K n−1 as an adjunction space
where ϕ n : B n → K n−1 is a G-map. If we denote K := ∞ n=0 K n and give K the weak topology with respect to the family {K n } n≥1 , then the G-space K has the G-homotopy type of a G-CW complex.
Proof. The actions Φ n : G × K n → K n on the spaces K n together define an action Φ on the union K = ∞ n=0 K n . Since K has the weak topology with respect to the family {K n } n≥0 , the natural map ι : ∞ n=0 K n → K is a quotient map. Thus, the map id×ι : G× ∞ n=0 K n → G×K is a quotient map since G is locally compact. Now continuity of Φ follows from the commutative diagram:
We shall construct a sequence L 0 , L 1 , . . . of proper G-CW complexes and G-homotopy equivalences f n : K n → L n , n = 0, 1, . . . . First we define L 0 = K 0 and f 0 = id. Suppose n ≥ 1 and we have constructed L 0 , . . . , L n−1 and f 0 , . . . , f n−1 . Let µ n be a G-cellular approximation to the composite G-map f n−1 • ϕ n : B n → K n−1 → L n−1 , and define
be the canonical extension of the G-map f n−1 , that is, the G-map induced by f n−1 and the identity map on A n . Since f n−1 is a G-homotopy equivalence, also α is a G-homotopy equivalence by [22, Proposition 3.3] .
Since f n−1 • ϕ n G µ n , by [22, Proposition 3.1] there is a G-homotopy equivalence
with β| Ln−1 = id Ln−1 . Then f n := β • α : K n → L n is a G-homotopy equivalence extending f n−1 . Thus we obtain a commutative diagram
in which the inclusions are G-cofibrations and the maps f 0 , f 1 , . . . are G-homotopy equivalences. Define L := n≥0 L n and give L the weak topology with respect to the family {L n } n≥0 . By Proposition 3.6, L is a proper G-CW complex. By Theorem 3.8, the map f : K → L induced by the maps f n , is a G-homotopy equivalence.
The following lemma is easy to verify: Lemma 3.10. Let G be a locally compact group and N a closed normal subgroup of G. Denote by π : G → G/N the natural homomorphism. Let K be a closed subgroup (not necessarily normal) of G/N , and denote H := π −1 (K), which is a closed subgroup of G containing N . Then the map
If we let G act on the spaces G/H and (G/N ) K in the natural way, that is, the actions are induced by the left translations in G, then ψ is also a G-map.
Proposition 3.11. Let G be a locally compact group and N a closed normal subgroup of G. Suppose X is a (G/N )-CW complex with skeletons {X n } n≥0 . Then X is a G-CW complex with the same skeletons and equivariant cells.
Proof. The G-action on X is given by
where the subgroup H and the homeomorphism ψ are as in the previous lemma. Then ϕ is a characteristic G-map for the G-cell c.
It is clear that the other conditions for X being a G-CW complex are satisfied.
4. G-normal covers and G-nerves. In this chapter we introduce the concepts of a G-normal cover as in [6] , and the G-nerve of a G-normal cover, following the ideas in [29] and [35] .
General theory of simplicial sets can be found in [30] . Concrete examples can also be found in for example [33] and [35] . However, these constructions are not similar to ours, and compared with [30] we have no degeneracy operators. Hence we present the details of our construction in this chapter.
For any space X, the support of a map f : X → R is the closed set
A family {ϕ α | α ∈ A} of continuous maps ϕ α : X → I is called a partition of unity on X if: (1) the supports of the ϕ α form a locally finite closed cover of X and, (2) α ϕ α (x) = 1 for each x ∈ X. If {U β | β ∈ B} is a given open cover of X, we say that a partition {ϕ β | β ∈ B} of unity is subordinated to {U β } if supp ϕ β ⊂ U β for all β ∈ B.
If U is a cover of a space X then for A ⊂ X we denote
the star of A with respect to U. A cover U of X is a star-refinement of another cover V of X if the cover {St(U, U)} U ∈U is a refinement of V.
A cover U of a G-space X is G-invariant if each of the sets U ∈ U is G-invariant. A cover U of a G-space X is a G-cover if gU ∈ U for every U ∈ U and g ∈ G. Note that the index set for a G-cover can be regarded as a G-set.
Let Λ be a G-set and Λ/G denote its orbit set. If U = {U λ } λ∈Λ is a G-cover of X then for each µ ∈ Λ/G, define
In other words, if λ ∈ µ then we have U µ = G(U λ ). The G-invariant cover U = { U µ } µ∈Λ/G is called the saturation of U.
Suppose X ∈ G-M. Let H ⊂ G be a closed subgroup, S an H-slice in X, and O ⊂ G a neighborhood of the identity. The set gOS, where g ∈ G and gOS = {gps | p ∈ O, s ∈ S}, is called a tubular segment of type H, and the group H is called its slicing group. The set OS is called the initial tubular segment of length O of the H-tube G(S).
A family
consisting of tubular segments gO µ S µ with compact large slicing subgroups H µ is called a G-normal cover of X if the family of open tubes U = {G(S µ ) | µ ∈ M} covers X and there exists an invariant locally finite partition of unity {ϕ µ : X → [0, 1] | µ ∈ M} subordinated to U. A G-normal cover is called rich if each slicing subgroup H µ is the stabilizer of a point s µ ∈ S µ . Note that the slices S µ and the slicing subgroups H µ form a part of the structure of a G-normal cover.
Next we construct the G-nerve of a G-normal cover. Let U = {gO µ S µ | g ∈ G, µ ∈ M} be a G-normal cover of a space X ∈ G-M. Denote by Λ = G × M the index set of the cover, and U = {U λ } λ∈Λ , where U λ = gO µ S µ for λ = (g, µ) . In what follows we shall identify µ ∈ M with the orbit of λ = (g, µ) in Λ, and we will write λ ∈ µ whenever λ = (g, µ) for some g ∈ G. In particular, we have Λ/G ≈ M.
Denote U µ = G(S µ ) and U = { U µ } µ∈M , the saturation of U, and let f µ : U µ → G/H µ , µ ∈ M, be the slicing maps given by the definition of a slice.
Let N = N ( U) denote the nerve of U, that is, a simplicial complex with vertices µ ∈ M and simplexes defined by the following condition: {µ 0 , . . . , µ n } is a simplex of N if and only if U µ0 ∩ · · · ∩ U µn = ∅. Denote by N n = N n ( U) the set of n-simplexes. We assume that M is well-ordered.
For each n-simplex σ = {µ 0 , . . . , µ n }, µ 0 < · · · < µ n , of N we define an open subspace K σ of G/H µ0 × · · · × G/H µn as follows: If λ 0 ∈ µ 0 , . . . , λ n ∈ µ n are such that
Then define K σ to be the union of such subsets, where the union is taken over those n-tuples of indices λ 0 , . . . , λ n that satisfy ( * ) above. In other words,
where we denote
In particular, each set Q λi is open in G/H µi , and hence, K σ is an open Ginvariant subset of the product G/H µ0 × · · · × G/H µn . Now, the G-action on K σ is defined by (g, (x 0 , . . . , x n )) → (gx 0 , . . . , gx n ).
Next, we define a G-space K * (U), the simplicial G-nerve of U as follows. The n-th space K n (U), n ≥ 0, of K * (U) is
and the face operators ∂ i : K n (U) → K n−1 (U), 0 ≤ i ≤ n, are defined as follows. Let σ = {µ 0 , . . . , µ n }, µ 0 < · · · < µ n , and x = (x 0 , . . . , x n ) ∈ K σ ⊂ K n (U). Then τ i = {µ 0 , . . . ,μ i , . . . , µ n }, obtained from σ by omitting µ i , is an (n − 1)-simplex of N and (x 0 , . . . ,x i , . . . , x n ) ∈ K τi . Now define
This gives us maps
The G-actions on the spaces K σ give us a G-action on every space K n (U), n ≥ 0, and the face operators are equivariant maps.
Next we consider the discrete union n≥0 K n (U) × ∆ n and the equivalence relation on it generated by
where x ∈ K n (U), t ∈ ∆ n−1 , δ i (t 0 , . . . , t n−1 ) = (t 0 , . . . , t i−1 , 0, t i , . . . , t n−1 ) ∈ ∆ n and i ∈ {0, . . . , n}, n ≥ 1.
We denote the quotient space by
It is called the geometric G-nerve of U.
The image of n i=0 K i (U) × ∆ i under the map π is called the n-skeleton of K(U), and denoted by K n (U).
For x = (x µ0 , . . . , x µn ) ∈ K σ ⊂ G/H µ0 × · · · × G/H µn and t = (t 0 , . . . , t n ) ∈ ∆ n , denote π(x, t) := |x µ0 , . . . , x µn ; t 0 , . . . , t n | =: |x; t|.
The G-actions on the spaces K n (U) fit together and give a G-action on K(U) by g|x µ0 , . . . , x µn ; t 0 , . . . , t n | = |gx µ0 , . . . , gx µn ; t 0 , . . . , t n |. Since G is locally compact the action on the quotient space is continuous.
Since there are no identifications between points of K 0 (U) we have that
n is of the formt = δ i (t) for some t ∈ ∆ n−1 , i ∈ {0, . . . , n}. For each n ≥ 1, we can define a continuous map α n :
In the commutative diagram
the map π is a quotient map by definition.
The following proposition plays a key role in what follows:
Proposition 4.1. In the diagram (1) also the restriction map π| is a quotient map.
for all simplexes σ of N with dim σ ≤ n. We prove that (2) holds for all simplexes σ of N , from which it follows that F is closed in K(U) and thus in K n (U), which proves the proposition.
Let first σ be an (n + 1)-simplex of N with the vertices µ 0 , . . . , µ n+1 . Denote σ = {µ 0 , . . . , µ n+1 }. Now F ⊂ K n (U) and the identifications are such that each point of K σ × ∂∆ n+1 is identified with exactly one point of K n (U), and hence
the i-th face of ∆ n+1 , and τ i = {µ 0 , . . . ,μ i , . . . , µ n+1 } < σ. The identifications on the i-th face of K σ × ∆ n+1 can be given by the continuous map
Now by the assumption (2) we have that
, and hence, B is closed in K σ × ∆ n+1 . Since a simplex has only finitely many faces, the set π
. This proves the case dim σ = n + 1. By induction we get (2) for all simplexes σ of N . This completes the proof.
The previous proposition implies the following important Proposition 4.2. The restriction
is a quotient map, and thus, K n (U) is G-homeomorphic to the adjunction space
In the diagram
the map ι n is a cofibration and thus id × ι n is a G-cofibration. On the other hand, The topology of K(U) is the weak topology with respect to the filtration
and thus, K(U) is a Hausdorff space (see [16, Proposition 1.12] ).
, the corresponding slicing maps. Choose a G-invariant locally finite partition of unity {ϕ µ } µ∈M subordinated to the open invariant cover U = { U µ } µ∈M . Define P : X → K(U) by
where x ∈ X and {µ 0 , . . . , µ n } = {µ ∈ M | ϕ µ (x) = 0}, µ 0 < · · · < µ n . Then P is a continuous G-map.
Proof. As above, we denote Λ = G × M and identify the orbit set Λ/G with M. We shall write λ ∈ µ whenever there exists a g ∈ G such that λ = (g, µ). Then U = {U λ } λ∈Λ , where U λ = gO µ S µ for λ = (g, µ). Denote σ = {µ 0 , . . . , µ n } ∈ N ( U). Since ϕ µi (x) > 0 we see that x ∈ U µi , and thus, there exists a λ i ∈ µ i for which x ∈ U λi , i = 0, . . . , n. Consequently, x ∈ n i=0 U λi , and hence, (f µ0 (x) , . . . , f µn (x)) ∈ K σ by the definition of K σ . Thus P (x) ∈ K(U).
To show the continuity of P we first consider the following simplicial space. The n-th space X e U n is given by
T σ , where
The face maps are then defined as follows: if n ≥ 1, (x, σ) ∈ X e U n and i ∈ {0, . . . , n}, then x ∈ T σ and T σ is of the form T σ = U µ0 ∩ · · · ∩ U µn , where µ 0 < · · · < µ n ∈ M. Now define τ i = {µ 0 , . . . ,μ i , . . . , µ n }, that is, τ i is obtained from σ by omitting the i-th term, and by definition, ∂ i (x, σ) = (x, τ i ) ∈ X e U n−1 . As before, we define an equivalence relation on the space n≥0 X e U n × ∆ n generated by the relations (∂ i x; t) ∼ (x; δ i t), and consider the quotient space
Denote by π the projection n≥0 X e U n × ∆ n → BX e U . A G-action on BX e U can be defined by g|(x, σ); t| = |(gx, σ); t|.
Define a function P : X → BX e U as follows: If x ∈ X and {µ 0 , . . . , µ n } = {µ ∈ Λ/G | ϕ µ (x) = 0}, µ 0 < · · · < µ n , then denote σ = {µ 0 , . . . , µ n } and put
We now prove that P is continuous. Let V be a neighborhood of x such that ϕ µ | V ≡ 0 for all but a finite number of µ's. Let {β 0 , . . . , β m } = {β ∈ M | ϕ β (y) = 0 for some y ∈ V }. If x ∈ U βj for some β j ∈ {β 0 , . . . , β m }, we can find a neighborhood of x in which ϕ βj ≡ 0; we exclude β j in this case. Thus we may assume that x ∈ U βj for all j = 0, . . . , m.
which is clearly continuous. Now observe that
and hence, P is continuous at x. That P is a G-map follows from
Next define a map
Clearly φ * is a continuous G-map.
where ∂ i on the left side denotes the face map in X e U * , and on the right side the face map in K * (U). From this it follows that φ * defines a continuous map
, which proves that P is a continuous G-map.
5. Proofs of the main theorem and corollaries. In this section we prove the main result formulated in Introduction. We start with the following key lemma:
Lemma 5.1. Let G be a locally compact group and X ∈ G-M. Then for each open G-cover V of X, there exists a G-normal cover
of X, accompanied with compact large slicing subgroups H t , such that U is a starrefinement of V. Furthermore, if X is a rich G-space then U can be chosen to be rich, i.e., for each t ∈ T there is a point x t ∈ R t such that G xt = H t .
Proof. Choose a G-invariant metric d on X. We fix a point on each orbit G(x) ⊂ X, say x ∈ G(x), and choose an element V x ∈ V such that x ∈ V x . Let ε x > 0 be such that B(x, 5ε x ) ⊂ V x , where B(x, r) stands for the open ball of radius r centered at x.
By the continuity of the action of G on X, there exist a neighborhood Q x of the unity in G and a neighborhood N x of x in X such that Q x N x ⊂ B(x, ε x ). By the Approximate Slice Theorem (see Theorem 2.2), there exist a compact large subgroup H x ⊂ G and an
Let W be the totality of all these tubular segments {gQ x S x | g ∈ G}. Clearly, W is an open G-cover of X.
Let p : X → X/G be the orbit projection. Since p(W) = {p(W ) | W ∈ W} is an open cover of the paracompact space X/G, there exists an open cover ω = {Ω t | t ∈ T } of X/G which is a star-refinement of p(W) (see [15, Ch. 
VIII, §3]).
We emphasize that all the covers we consider are essential, i.e., none of the elements of the cover is contained in the union of others.
It then follows that the invariant open cover p
Next, for every index t ∈ T we consider the set L t of all tubular segments OS = {gs | g ∈ O, s ∈ S}, where O is a neighborhood of the unity of G and S is a global Hslice for p −1 (Ω t ) with H a compact large subgroup of G. Observe that L t is non-empty since p −1 (Ω t ) is a tubular set. Write
We claim that ξ t = 0 iff p −1 (Ω t ) contains only one orbit. The "if" part is evident. Now assume that ξ t = 0. Then there are a point a ∈ p −1 (Ω t ) and a sequence of H n -slices S n , n = 1, 2, . . . , containing the point a such that G(S n ) = p −1 (Ω t ) and diam S n < 1/n; n = 1, 2, . . . . Pick a point x ∈ p −1 (Ω t ). As p −1 (Ω t ) = G(S n ) for every n ≥ 1, there exist g n ∈ G and s n ∈ S n such that x = g n s n . Then s n = g −1 n x, and we have that d(s n , a) 0, i.e., d(g −1 n x, a) 0. Since the orbit G(x) is closed in X, we infer that a ∈ G(x), or equivalently, x ∈ G(a). Thus p −1 (Ω t ) = G(a), proving the claim.
If some p −1 (Ω t ) contains only one orbit G(y) and is a tubular set with a slicing subgroup H x ⊂ G, then the p −1 (Ω t ) is a subset of some G(S x ), where S x is the H x -slice described at the beginning of the proof which satisfies the condition
. In this case we assign to p −1 (Ω t ) the tubular segment O t R t where O t = Q x and
If p −1 (Ω t ) contains more than one orbit then ξ t > 0 according to the claim above. In this case we assign to p −1 (Ω t ) a tubular segment O t R t ∈ L t for which diam O t R t < 2ξ t , where R t is a global H t -slice of p −1 (Ω t ), and the slicing group H t is a compact large subgroup of G.
Now we define U to be the totality of all these tubular segments
Since the orbit space X/G is paracompact the open invariant cover p −1 (ω) of X admits a locally finite partition of unity subordinated to p −1 (ω); thus U is a G-normal cover. Let us check that U is a star-refinement of V.
Indeed, let g 0 O t0 R t0 ∈ U and gO t R t ⊂ St(g 0 O t0 R t0 , U), where St(g 0 O t0 R t0 , U) denotes the star of g 0 O t0 R t0 with respect to U. If ξ t0 = 0 then R t0 is a singleton {y}, and since p −1 (ω) is an essential cover, we infer that St G(R t0 ), p −1 (ω) = G(R t0 ). Then
Next, since Q x S x ⊂ B(x, ε x ) and diam Q x A ≤ diam Q x S x we have that diam Q x A ≤ 2ε x , and hence, ξ t ≤ 2ε x . Since ξ t > 0, this implies that diam O t R t < 2ξ t ≤ 4ε x .
On the other hand, since G(R t ) ⊂ G(S x ) we infer that O t R t ∩ hS x = ∅ for some h ∈ G. But S x ⊂ B(x, ε x ) by construction, and since d is a G-invariant metric, this yields that hS x ⊂ B(hx, ε x ). Thus, O t R t ∩ B(hx, ε x ) = ∅ and diam O t R t < 4ε x which yield that O t R t ⊂ B(hx, 5ε x ). Again, using the G-invariance of the metric d we get that B(hx, 5ε x ) = hB(x, 5ε x ). But remember that B(x, 5ε x ) ⊂ V x where V x ∈ V. Consequently, O t R t ⊂ hB(x, 5ε x ) ⊂ hV x which yields that gO t R t ⊂ ghV x . Thus, we have proved that
Since V is a G-cover we see that ghV x ∈ V, and we conclude that U is a star-refinement of V. This proves the first part of the lemma.
If, in addition, X is a rich G-space then we apply once more Approximate Slice Theorem (see Theorem 2.2) in order to represent each tubular set G(R t ) as a union of rich tubular sets, i.e.,
where each B j is an H j -slice corresponding to a compact large subgroup H j ⊂ G such that H j = G zj for some point z j ∈ B j . Moreover, one can achieve that for each j ∈ J there exists a neighborhood M j of the unity of G such that M j B j ⊂ O t R t whenever the equation (1) holds. This can be done just by repeating the argument at the beginning of this proof.
Indeed, for each orbit G(x) ⊂ G(R t ) we choose a point in the intersection G(x)∩O t R t , say x ∈ G(x) ∩ O t R t . Then by continuity of the action of G at the point x, there exist a neighborhood M x of the unity in G and a neighborhood D x of x in X such that M x D x ⊂ O t R t . Since X is a rich G-space, by Approximate Slice Theorem (see the second part of Theorem 2.2), there exist a compact large subgroup H x ⊂ G and an H x -slice B x such that x ∈ B x ⊂ D x and H x is the stabilizer of some point z ∈ B x . Thus M x B x ⊂ O t R t , and hence, the required representation (1) is achieved . Now we denote by Z the totality of all rich tubular segments {gN i B i | g ∈ G, i ∈ I} which arise in this way. Clearly, Z is an open G-cover of X which is a refinement of U, and hence, a star-refinement of V. Moreover, the associated invariant open cover {G(B i ) | i ∈ I} admits a subordinated locally finite partition of unity because the orbit space X/G is paracompact. Thus Z is the desired G-normal cover. This completes the proof.
Notice that for the existence of a G-normal cover the only assumption needed is that X in G-M. In the following proposition we additionally assume that X is a proper G-ANR, in which case X is always a rich G-space and thus we are able to obtain a rich G-normal cover.
Proposition 5.2. Let G be a locally compact group and X a proper G-ANR. Then, for any open cover V of X there exists a rich G-normal cover
Proof. By [2, Theorem 3.10] we can assume that X is a closed invariant subset of a normed linear G-space L, and X has a G-invariant neighbourhood Z on which the action is proper. Since X is a G-ANR, there exists a G-retraction r : U → X, where U is an invariant neighborhood of X in Z.
Let C be an open cover of U which refines its open cover {r −1 (V )} V ∈V and consists of open balls of Z. By [6, Proposition 3.10], X is a rich G-space, and thus, by Lemma 5.1 there exists a rich G-normal cover U = {gO µ S µ | g ∈ G, µ ∈ M} which is a star-refinement of C.
Denote by Λ = G×M the index set of the cover, and U λ = gO µ S µ for λ = (g, µ). Then we have U = {U λ } λ∈Λ and Λ/G ≈ M. Let f µ : G(S µ ) → G/H µ , µ ∈ M = Λ/G, be the corresponding slicing maps. Choose an invariant locally finite partition of unity {ϕ µ } µ∈M , subordinated to the invariant cover U = {G(S µ )} µ∈M . Let K(U) be the G-nerve of U, and P : X → K(U) the G-map defined in Proposition 4.3.
Next we define a continuous G-map q : K(U) → U . For each µ ∈ M we select a point s µ ∈ S µ such that G sµ = H µ (this is possible because U is a rich G-normal cover). Define ψ µ : G/H µ → G(s µ ); ψ µ (gH µ ) = gs µ .
The condition H µ ⊂ G sµ guarantees that the map ψ µ is a well defined G-map. Then the maps ψ µ and f µ | : G(s µ ) → G/H µ are homeomorphisms inverse to each other. Define q : K(U) → U by q (x) = n i=0 t i ψ µi (x µi ), where x = |x µ0 , . . . , x µn ; t 0 , . . . , t n | ∈ K(U).
Clearly q (K(U)) ⊂ Z. We claim that q (K(U)) ⊂ U . Indeed, by definition there exist {U λ0 , . . . , U λn } ⊂ U such that λ i ∈ µ i , x µi ∈ f µi (U λi ) ⊂ G/H µi , i = 0, . . . , n and n i=0 U λi = ∅. Choose y ∈ n i=0 U λi and denote y µi = ψ µi (x µi ) ∈ U λi ∩ G(s µi ). Then we have that y ∈ n i=0 U λi ⊂ St(y, U). Since U is a star-refinement of C, there exists a C ∈ C such that {y µ0 , . . . , y µn } ⊂ St(y, U) ⊂ C.
Since C is convex, we have q (x) = n i=0 t i y µi ∈ C ⊂ U, which proves the claim. Next, define q = r • q : K(U) → U → X and a V-G-homotopy h : q • P G id X by h(x, t) = r(tx + (1 − t)(q • P (x))), x ∈ X, t ∈ I.
We have to verify that tx + (1 − t)(q • P (x)) ∈ U . Let x ∈ X and {µ 0 , . . . , µ n } = {µ ∈ M | ϕ µ (x) > 0}. Then there exist {U λ0 , . . . , U λn } ⊂ U such that λ i ∈ µ i , i = 0, . . . , n, and x ∈ n i=0 U λi . For each i = 0, . . . , n, we have ψ µi • f µi (x) ∈ U λi and thus there exists a C ∈ C such that {x, ψ µ0 f µ0 (x), . . . , ψ µn f µn (x)} ⊂ n i=0 U λi ⊂ St(x, U) ⊂ C.
Since C is convex, we see that h(x, t) = tx + (1 − t)(q • P (x)) = tx + (1 − t) n i=0 ϕ µi (x) ψ µi f µi (x) ∈ C ⊂ U.
Since there exists a V ∈ V with C ⊂ r −1 (V ), we clearly have h(x, t) ∈ r(C) ⊂ V for every t ∈ I.
Theorem 5.3. The G-nerve K(U) of a G-normal cover of a proper G-space X has the G-homotopy type of a G-CW complex.
Proof. We first prove that each space K n (U) is a proper G-CW complex. Indeed, one has K n (U) = σ∈Nn K σ , where each K σ is an open G-subset of a G-space of the form G/H µ0 × · · · × G/H µn , where H µ0 , . . . , H µn are compact large subgroups of G (see the definition of a G-nerve in Section 4). Let N 0 , . . . , N n be closed normal subgroups of G such that for every i = 0, . . . , n, N i ⊂ H i and G/N i is a Lie group. If we denote N := N 0 ∩ · · · ∩ N n , then by Theorem 2.6, the G/N -space G/H µ0 × · · · × G/H µn is a proper smooth G/N -manifold, and hence, K σ is a proper smooth G/N -manifold. Thus, it follows from [23] that K σ is a locally compact (G/N )-CW complex, and hence, K n (U) G-1-cells. Since the attaching maps are skeletal (G/H × D 1 is given the obvious G-CW structure) we have that X 1 is a G-CW complex. Since (γ 0 ) H * (α) = (γ 0 ) H * (β) above, the map γ 0 can be extended to give γ 1 : X 1 → X, with the property that (γ 1 )
H induces bijections between the path components and epimorphisms between the homotopy groups.
As in [31] we proceed to construct a sequence X 0 , X 1 , X 2 , . . . of G-CW complexes and G-maps γ n : X n → X with the corresponding properties. Then the G-CW complex ΓX and the weak G-homotopy equivalence γ : ΓX → X are obtained as a colimit as in [31] , compare also [35] .
